Abstract
Introduction
Papers [11] , [12] , [13] , [14] , [15] , and [37] considered semiclassical completely integrable Hamiltonian systems whose singularities are of Morse-Bott type using normal forms of Birkhoff type. In the nice paper [34] , which was an important source of inspiration for us, F. Pham showed the universality of solutions of semiclassical Schrödinger equations with polynomial potentials. Our goal is to extend this analysis allowing (more general) canonical transformations in order to study, for example,
• the saddle-node bifurcation,
• the Birkhoff normal form in the case of k : 1 resonances with k ≥ 3 in the spirit of [15] ,
• the bifurcation of periodic orbits of a Hamiltonian system where the Poincaré map of a periodic orbit admits an eigenvalue that is a cubic root of 1,
• the adiabatic limit or Born-Oppenheimer approximation with crossings of more than 2 eigenvalues. This way, we propose a general setting inspired by Thom's catastrophe theory (see [4] ) and present a sketchy study of the saddle-node bifurcation (cusp) ξ 2 + x 3 = 0.
A more algebraic (cohomological approach) is presented in [41] .
The subject is really the study of the singularities of Lagrangian manifolds, of their deformations (or bifurcations), and of the associated semiclassical ansatzes. Building up classical and semiclassical normal forms leads to studying model problems depending on a finite number of parameters, among which the simplest have already been described in the literature: cubic oscillators (see [10] , [9] , [20] ), quartic oscillators (see [19] ), and polynomial potentials (see [43] ). A noticeable fact is that we can use the same methods for classical and semiclassical bifurcations, and in particular, the codimensions of the singularities are the same. Of course, the study of the classical Hamiltonian dynamic in a 2-dimensional phase space is trivial, but this is no longer true for the semiclassical case, which we reduce to special functions.
The reader should take note of the fact that caustic singularities are a different problem for which Lagrangian manifolds are usually smooth. We use strongly canonical transformations that eliminate the problem of caustics.
The main idea is to forget the equations of the manifolds and to focus on the ideal of functions which vanish on it. The same idea turned out to be very important in algebraic geometry. On the quantum side, we do the same change of point of view: we consider left ideals of pseudodifferential operators. We can do that because any solution of Pu = 0 also satisfies B Pu = 0 for any operator B. It appears that the usual singularities, at least for 1 degree of freedom, do admit normal forms and that their deformations have a universal model depending on a finite number of parameters. The solutions of this model are the ad hoc special functions: the smooth case corresponds in that way to the WKB-Maslov ansatz; the Morse-Bott case corresponds to Lagrangian intersections (hyperbolic case) or to coherent states (elliptic case). An important part of the program is the study of these special functions.
In the case of the cusp ξ 2 + x 3 = 0, it is enough to study the differential equation We give the general definitions for any dimension, and after Section 2 we restrict to the case of a 2-dimensional phase space.
The main nontrivial result is Theorem 6, which is a holomorphic versal deformation result for quasi-homogeneous isolated singularities of curves.
The semiclassical results then follow from the techniques already developed in [14] .
Singular Lagrangian manifolds

Definitions
There are several possible definitions of germs of singular Lagrangian manifolds. We work in the real analytic context. We denote by (Z 2d , ω; z 0 ) a germ of a nonsingular real analytic symplectic manifold of dimension 2d which, by the Darboux theorem, can be identified with (T R d , dξ i ∧ d x i ; 0). E denotes the algebra of germs of real-valued analytic functions (or smooth functions).
Definition 1 (1)
A (germ of a) singular Lagrangian manifold L in Z 2d is a germ of a real analytic variety (i.e., complex variety invariant by complex conjugation) of dimension d which is Lagrangian near all smooth points. We denote by L or L L the ideal of E of functions vanishing on L. If F j , j = 1, . . . , n is a system of generators of L , we denote L = F 1 , . . . , F n . This ideal is involutive, meaning that {L , L } ⊂ L . (2) A (germ of a) singular Lagrangian manifold L is a complete intersection if the ideal L L is generated by d functions.
In the first case we speak about a (germ of a) singular Lagrangian manifold, in the second of a (germ of a) singular Lagrangian manifold that is a complete intersection, and in the third of a (germ of a) singular leaf of a completely integrable system. We can ask the following.
Question 1
Are cases (2) and (3) really distinct? Does every singular Lagrangian manifold that is a complete intersection admit Poisson commuting generators F j , j = 1, . . . , d ?
Examples Example 1
Let d = 1, and let f : Z 2 → R be an analytic map. If zero is a critical value of f , the curve { f = 0} is a Lagrangian singular manifold with respect to all possible definitions. If f is a Morse function, the level sets L E = f −1 (E) are smooth except for a discrete set of energies.
Example 2
Let us start with an anharmonic oscillator with only one resonance, like
, where z j = x j + iξ j and (1, ω 3 , . . . , ω d ) are linearly independent over the rationals. We get an integrable system using the truncated Birkhoff normal form. The Hamiltonians are
Reducing by the action of T d−1 given by the d − 1 first Hamiltonians, we get a complex projective line depending on d − 1 parameters; K can be seen as a function on this projective line depending on d − 1 parameters, and hence the Lagrangian foliation admits generically all singularities of codimension less than or equal to d of functions of 2 variables. (This example was described to me by M. Joyeux; see Section 4.2.)
Example 3
The "normal bundle" L of the cusp 9x 2 − 8y 3 = 0, namely, the closure of the normal bundle to the nonsingular part of it, is a singular Lagrangian manifold parametrized by
The ideal L of functions vanishing on L is minimally generated by
(as computed by M. Morales); hence it is not a complete intersection.
Example 4
The (open) swallowtail S (see [1] ) can be defined as the subset S of the set Z of polynomials
admitting a zero of order at least 3. We can write P = (x − u) 3 (x 2 + 3ux + v), which gives a parametrization of S. There exists a natural symplectic structure on Z for which S is Lagrangian. This manifold is obtained in a generic way in the following problem: If X ⊂ R 3 is a surface and V is a vector field on X whose integral curves are geodesics, the set of affine lines generated by the vectors V (m), m ∈ X , is a (singular) Lagrangian manifold in the symplectic manifold of affine lines in R 3 . It can be shown that S is not a complete intersection. *
Phase functions
The WKB-Maslov ansatz allows us to associate to any smooth Lagrangian submanifold of T R n a family of h-dependent functions u h (x) (h is a small positive parameter) given by oscillatory integrals of the form
whose microsupport is the reduced Lagrangian manifold
Locally, every Lagrangian submanifold of T R n can be defined by the previous formula using a so called nondegenerate phase function ϕ (see [22, page 31] ). This construction is a special case of symplectic reduction. In order to do the same thing for a singular Lagrangian manifold, one could try to use degenerate phase functions.
Definition 2
Let L ⊂ T R n be a germ of a singular Lagrangian manifold whose singular part is denoted by L 0 and whose smooth n-dimensional stratum is denoted by L 1 . A germ of a smooth function ϕ :
, is a homeomorphism and ϕ restricted to the open set of C ϕ , where the ∂ θ j ϕ, j = 1, . . . , N , are independent, is a nondegenerate phase function for L 1 .
LEMMA 1 If L admits a phase function, the Maslov index of any loop included in L 1 vanishes.
Proof
The proof is a consequence of the fact that the Maslov index can be defined (see [26, pages 154 -163] and also the appendix by Arnold in the book [30] ) inČech cohomology by the cocycle ind(∂ θ,θ ϕ i ) − ind(∂ θ,θ ϕ j ) (ind(q) is the Morse index of the quadratic form q), which in our case gives a trivial cocycle because there is only one open set in the covering.
Question 2
What is a characteristic property of singular germs of Lagrangian manifolds which admit a degenerate phase function?
With respect to this question, we propose the following example.
Example 5
Let ϕ(x, θ ) = θ(x 2 − θ 2 /3). We get L ϕ = {ξ 2 − 4x 4 = 0}, so ϕ is a degenerate phase function for L ϕ .
Example 6
We have the following (see also [39] ). PROPOSITION 
The Lagrangian vector space tangent to L at the point γ (θ) is generated by the vectors (0, 0; 1, − cos θ), (cos 2 θ, cos θ; 0, − sin θ), and by reduction with respect to ξ = 0, we get the curve θ → [(cos θ ; − sin θ)] inside the Lagrangian Grassmanian of T R whose Maslov index is ±2.
Infinitesimal deformations
We propose below a very naïve approach, restricting ourselves to phase spaces of dimension 2; a more precise and algebraic approach in any dimension can be found in [41] .
We restrict ourselves in what follows to the case d = 1 (except in Sections 3 and 4) .
In this case, every curve is Lagrangian and is a complete intersection. Moreover, canonical transformations are just orientation-and area-preserving diffeomorphisms.
Definition 3
We say that the germs of Lagrangian manifolds ( F 0 , ω 0 ) and ( F , ω) are equivalent if there exists a germ of diffeomorphism χ such that F • χ = E F 0 (E(0) = 0) and χ (ω) = ω 0 . By the Darboux theorem, we often restrict ourselves to ω = ω 0 .
One can take a stronger form of equivalence by asking that F • χ = ψ • F 0 (as in the paper Le lemme de Morse isochore [16] ), where ψ is a germ of diffeomorphism of R fixing zero. One is then led to the same space of infinitesimal deformations, but it is inappropriate for our semiclassical business because it forces us to use functional calculus for operators that are in general non-self-adjoint.
We want to define the codimension of the set of equivalent germs of Lagrangian manifolds inside the set of all germs, so we need first to define infinitesimal deformations of germs.
Definition 4
Given a singular germ of curve L in T R given by F 0 = 0, the space of infinitesimal deformations (as a Lagrangian manifold) of L = F 0 is the space of all germs of functions E .
A general deformation of (F 0 , ω 0 ) is given by (F t , ω t ). Using the Darboux theorem, we can reduce to deformations (F 0 + t K + O(t 2 ), ω 0 ). K is an arbitrary germ of a real-valued function.
Definition 5
A deformation L t = F t is trivial if there exists a smooth family χ t of canonical transformations and a smooth family of functions E t ∈ E , such that
This implies that there exist germs of functions X and Y such that the infinitesimal
We can now give the definition of the codimension of a germ of a Lagrangian curve.
Definition 6
The codimension µ = µ( F 0 , ω 0 ) of the Lagrangian curve L = F 0 is defined by
where {·|·} is the Poisson bracket. If µ is finite, any basis K α ∈ D L , α = 1, . . . , µ, of a supplementary space of
versal deformation of L as follows:
More precisely, we ask that equation (1) be true with E (U j ) for a basis U j of neighbourhoods of O (with the same functions K α ).
Question 3
What is a natural extension of Definition 1 to the case of systems of operators, that is, matrix-valued germs of functions (see [8] 
, where F 0 is a nondegenerate quadratic form on T R. By Le lemme de Morse isochore [16] , there exist χ ε a germ of canonical transformations smoothly depending on ε and a smooth function ε such that
and 0 (0) = 0. Hence ε admits a nondegenerate zero t (ε) and we have
The Eliasson case (see [23] or the nondegenerate case of [38, 
définition 2.1]):
It is an extension of the previous case to several quadratic forms. Let 
We see that up to canonical transformation any F that admits a nondegenerate cusp is equivalent to the standard example
and µ = 4:
Problem 1
Describe all singular Lagrangian manifolds of small codimension.
Integrable systems
Singularities of integrable systems Definition 7
Let (Z ; ω) be a germ of a symplectic manifold of dimension 2d; a germ of a completely integrable system is given by d germs of real functions F j , j = 1, . . . , d, such that the Poisson brackets {F i , F j } all vanish and the differentials of the F j 's are linearly independent almost everywhere.
The separatrix is the image by the momentum map (F j ) of the set of points z, where r (z) < n.
Singularities of integrable systems and deformations of Lagrangian manifolds
We can associate to it a germ of a completely integrable system in T (R N (t ,x) ) in the following way. We choose coordinates t = (t , t N ) such that ∂ t N F = 0. Then we can rewrite F(x, ξ, t) = E(x, ξ, t)(H N (x, ξ ; t ) − t N ). We take the commuting Hamiltonians t 1 , . . . , t N −1 , H N on T (R N (t ,x) ) which define an integrable germ. We can go back to the deformation in the following way. We start with the integrable germ with a singularity of rank N −1 and choose t 1 , . . . , t N −1 commuting integrals whose differentials at the singular point are independent. We reduce the systems, and we get for each a ∈ R N −1 , b ∈ R, a 2-dimensional curve H N (x, ξ, a) = b which gives the previous deformation. PROPOSITION 2 
The previous correspondence is an isomorphism between germs of integrable systems of rank N − 1 (modulo canonical diffeomorphisms) and N -parameter deformations of curves (modulo canonical diffeomorphisms) satisfying ( ).
Moreover, we get in that way a correspondence between universal deformations (deformations containing the versal deformation) and stable germs of integrable systems. A germ of integrable systems is said to be stable if any small perturbation of the germ of an integrable system is equivalent to the unperturbed system by a germ of a canonical transformation. We see, using the previous correspondence, that universal deformations of a germ of a curve of codimension µ ≤ N correspond to stable singularities of integrable systems with N degrees of freedom. The image of the set of equivalent singularities by the momentum map is then of codimension N − µ.
Generic singularities of integrable systems with 2 degrees of freedom
From the previous sections, we get the following list of locally stable singularities of integrable systems with 2 degrees of freedom (see [24] and Figure 1 for pictures of these separatrices for classical systems).
(1)
Rank 1: We have the following:
. This list is the list of codimension less than or equal to 2 germs of plane curves which are obtained by reduction using the procedure described in Section 4.
(2)
Rank 0: We have the following:
. From the semiglobal picture (see [33] ), we get other stable singularities that correspond to codimension 2 singularities in the Z m -equivariant cases:
Question 4
Are there other stable singularities? Find the corresponding list for d = 3, 4, . . . .
The symplectic codimension of curves with isolated singularities
Vanishing cohomology: A short review
All results below are described in [29] . Let F 0 : (C 2 , 0) → (C, 0) be a germ of a holomorphic function, and assume that the origin is an isolated critical point of multiplicity µ or, equivalently, that if M is the (maximal) ideal of germs vanishing at zero, there exists k such that M k ⊂ J (F 0 ), where J (F 0 ), the jacobian ideal of F 0 , is the ideal generated by the partial derivatives of F 0 and dim C E /J (F 0 ) = µ . Then, if ε > 0 is small enough and r = r (ε) > 0 is small enough, the map (x, y) → t = F 0 (x, y) is a smooth fibration of B(0, ε) ∩ {0 < |F 0 (x, y)| < r } on D = {0 < t < r } whose fiber X t is a Riemann surface. The vanishing homology is the family of homologies of X t which is a vector bundle on D . It has been proved by J. Milnor (see [31] ) that X t has the homotopy type of a bouquet of µ circles, so that the vanishing homology H van 1 (X t ) is a vector space of dimension µ . It is generated by µ cycles γ j (t), which can be chosen locally constant with regard to t. Globally, when t goes around the origin, we get a monodromy that preserves the lattice generated by the geometric cycles.
In order to make computations, it is useful to introduce the vanishing cohomology H 1 van as follows: we put
where j is the space of germs of holomorphic differential forms of degree j. One can prove that H 1 van is a free module of rank µ over A, where A = C{F 0 } is the ring of convergent series in F 0 . We have the following. PROPOSITION 
If (ω j ) is a basis of H 1 van as a module over A, the restriction of the ω j 's to X t for t ∈ D is a basis of the cohomology of X t and the determinant of the matrix
The problem is now to find such a basis (ω j ). For that purpose, we introduce the map ω → ω ∧ d F 0 ; it can be shown that this map induces an isomorphism of A-modules
The space d F 0 ∧ 1 is of finite codimension µ over C inside 2 , and hence, if we take the tensor product with the field M of meromorphic functions of F 0 which is the fraction field of A, we get that
It has been proved by M. Sebastiani (see [29, page 416 
Applications
As a first application of the previous discussion, we get the following result observed by B. Malgrange * (see also [34] for the hyperelliptic case, and [41] ).
is a germ of analytic function and admits an isolated singularity at zero whose multiplicity is µ , F 0 is of codimension µ ; we always have µ = µ .
Proof
It is clear, by using the isomorphism from 0 = E into 2 given by ϕ → ϕd x ∧ dξ , that we get an isomorphism between E /({E ,
which is a µ -dimensional vector space over C by Section 5.1.
A simple proof of Theorem 1 in the quasi-homogeneous case is given in Section 8. Theorem 1 admits a very nice geometrical interpretation that we can derive from [34] . If χ is a germ of a canonical transformation near the origin, action integrals over small cycles are preserved. Hence any (uni)versal deformation should be able to reproduce the variations of the action integrals over the vanishing cycles. This is strongly consistent with the fact that µ is also the number of vanishing cycles, as shown in [31] . This is exactly the way things work in the quasi-homogeneous case, as shown in Section 9; we show there how to get the versal deformation theorem for quasi-homogeneous singularities.
If the singularity is not quasi-homogeneous, E F 0 + {E , F 0 } is no more than the Jacobian ideal; indeed, K. Saito proved in [36] that (F ∈ J(F)) implies (F quasihomogeneous). In other words, there are deformations that are trivial as singularities of functions, but not for the symplectic version. There is always a choice of a versal deformation which is valid for both problems: a pair of vector subspaces of the same codimension always admit a common supplementary subspace.
For an example of a non-quasi-homogeneous singularity, we can take the singularity called Z 11 (µ = 11) in [4] , which is given by F a = x 3 ξ + ξ 5 + axξ 4 . Different values of a give nonequivalent singularities of functions but equivalent ideals.
If F 0 = 0 is a germ of a singular curve, we can associate to it a de Rham complex as in [25] :
where the nontrivial arrow is d and K is the set of 1-forms that vanish on the tangent vectors to the smooth stratum of F 0 = 0:
There is a subspace of the space of infinitesimal deformations which we can identify with
is a germ of a 1-form, it gives a deformation of (F 0 , ω 0 ) defined by (F 0 , ω 0 + εdα). It is easy to check that the cohomology of [α] vanishes if and only if the deformation is trivial.
Definition 8
The Tyurina number τ of F 0 is defined by
The number τ is the dimension of the versal deformation of the ideal generated by F 0 .
It follows from the previously quoted result by Saito that τ = µ if and only if F 0 is quasi-homogeneous.
We can summarize the situation as follows (see also [41] ).
THEOREM 2
The following sequence of C-vector spaces is exact:
where the first nontrivial arrow is induced by α → d F 0 ∧ α/d x ∧ dξ and the second is the canonical surjection. In particular, we have
This result is certainly not new, but we were unable to locate it in the literature. The meaning of the previous exact sequence is (deformations with F 0 fixed ) → (deformations of ( F 0 , ω 0 )) → (deformations of F 0 ). The exactness is easily checked from the definitions.
Normal forms
If ω/ω 0 > 0 and ω = ω 0 + dα where the cohomology class of α vanishes,
the cohomology class of α t vanishes.
In particular, if F 0 is quasi-homogeneous and ω/ω 0 > 0, we have (
Proof
We consider the path of symplectic forms ω t = ω 0 + t (ω − ω 0 ) (0 ≤ t ≤ 1). We need to find a diffeomorphism ψ such that ψ preserves the curves F 0 = 0 and ψ (ω) = ω 0 . We can use the homotopy (Moser) trick, following [25, Theorem 1] : we try to find a family ψ t of germs of diffeomorphisms associated to the time-dependent vector field
the curve F 0 = 0 is invariant by ψ t . 
Condition (1) is satisfied if and only if
Then there exists a smooth family of canonical transformations χ ε , a smooth invertible function E ε (x, ξ ), and smooth functions a α (ε) = O(ε) such that
Question 6
May we conjecture on the basis of the Morse case and of the proof that the formal series a α (ε) are uniquely defined?
Proof
We assume that
We need to find χ ε = Id +O(ε n ) = exp(ε n Z )+ O(ε n+1 ), where Z is the Hamiltonian vector field of X such that
By identification of terms in ε n , we get the equation
which can be solved in a fixed open set by the hypothesis of finite codimension.
We assume that F 0 is of codimension µ. Let F ε be a smooth deformation of F 0 . A basic question is whether there exist a smooth canonical deformation of the identity χ ε , a smooth deformation E ε of the function 1, and smooth functions a α (ε) = O(ε), such that
The transformations χ ε then move the deformation F ε of F 0 into the universal one, F 0 + a α (ε)K α . The condition of finite codimension allows us to solve the linearized problem, so it is natural to ask the following.
Question 7
Does there exist in this context an implicit function theorem "à la Mather"?
The answer is yes for all simple singularities of curves in the holomorphic case (see Section 9.4).
The quasi-homogeneous case
Definitions
We give the following. F(x, ξ ) is (a, b, N )-quasi-homogeneous, where a, b, and N are positive integers with a and b coprime, if F is a polynomial satisfying the identity
Definition 9 F =
We denote by E N a,b this space of polynomials.
Any monomial x p ξ q is in E 
Concerning Poisson brackets, we have
If F is quasi-homogeneous (F ∈ E N a,b ) of finite codimension, we can choose quasi-homogeneous K α , and for any k,
where the last sum is finite. 
Using Euler identity THEOREM 5 If F is a quasi-homogeneous isolated singularity of Milnor number µ, that is, if
where λ, ν are given and X, Y ∈ E are unknown functions. We get, by replacing
and it is now enough to solve
The integrability condition is
which admits a unique solution Y ; we first solve the inside formal series, then the inside flat functions. We can take for the U j 's a basis of neighbourhoods star-shaped with respect to quasi-homogeneous dilatations.
Versal deformations for quasi-homogeneous singularities
A remarkable identity
We have the following.
PROPOSITION 4
For any quasi-homogeneous singularity F 0 with F 0 (t a x, t b ξ ) = t N F 0 (x, ξ ), we have the identity
where (K α ) is a family of monomials defining a versal deformation and K α (t a x, t b ξ ) = t N α K α (x, ξ ).
Proof
Following [4] , we introduce the Poincaré polynomial P(t) of the singularity as follows:
The following result is proved in [4, pages 166 -168]:
It is clear that P(1) = µ, and hence
We see also that N α = P (1). By computing the derivative at t = 1, we get the result.
Nonvanishing of the Jacobian determinant of action integrals
LEMMA 2 Let F a (x, ξ ) ((x, ξ ) ∈ C 2 , a ∈ C µ ) be a
versal deformation of a quasi-homogeneous singularity, and let γ j be a locally constant basis of the vanishing homology. Then the Jacobian determinant J (a) of a → ( γ j (a) ξ d x) which is well defined outside the discriminant set (the set of a's for which the curve F a = 0 is singular) extends to C µ as a nonvanishing holomorphic function. If we take the versal deformation generated by monomials, J is constant.
As a corollary we get that there exists a canonical measure on the versal deformation (because the vanishing homology has a canonical Lebesgue measure). It would be nice to have a geometric definition of that measure.
Proof
•
We first check that
where dt is the time for the dynamics induced by the Hamiltonian F a on the surface F a = 0.
• We then prove, using the Picard-Lefschetz formula, that J is univalent. The Poincaré group of the complement of the discriminant is generated by small loops around the stratum corresponding to 1 vanishing cycle, say, γ 1 . Following such a loop adds to the lines of the Jacobian determinant a linear combination of the first one.
• J is bounded near the codimension 1 stratum of the discriminant. Hence J is holomorphic near the codimension 1 strata and, by Hartog's theorem, everywhere.
CLAIM 1 J is quasi-homogeneous of degree zero:
This implies that F = 0 is invariant under the latter transformation. Under this transformation the integral of ξ d x over γ (a), where the latter curve is determined by the condition that it be contained in F = 0, gets multiplied by t a+b . It follows that the derivative with respect to a α gets multiplied by t a+b−N +N α , and therefore J gets multiplied by t k , with
If we choose the versal deformation so that K 1 = 1, J (a 1 , 0, . . . , 0) is nonvanishing for a 1 = 0; it is a corollary of the discussion of Section 5.1 and of the explicit computation of the Jacobian. Because we have
This concludes the proof of Lemma 2.
Lifting isotopies
Let us give F a (x, ξ ) = F 0 (x, ξ ) + a α K α (x, ξ ), a (mini-)versal deformation of F 0 where F 0 admits an isolated singular point at the origin. We do not assume in this section that F 0 is quasi-homogeneous. Let us denote the following:
• 1 the set of a's for which X a admits a unique singular point that is nondegenerate (a double point). The set 1 is a submanifold of codimension 1 in C µ , whose closure is .
LEMMA 3
The critical set δ is smooth.
This fact is well known and much more general. Here is a simple proof in our case. δ is a graph (a 1 , a 2 , a 3 ) =  G(a 4 , . . . , a µ , x, ξ ) . Otherwise, F 0 is an A k -singularity (ξ 2 ± x k+1 ) (there exists at least one derivative of F 0 of order 2 nonvanishing at zero) and the result can easily be checked.
Proof
If we can take
We have the following. 
Proof
The vector fieldX should satisfỹ
andX F a vanishes on Z . In other words, X F = A α K α belongs to the ideal J generated by F and its partial derivatives with respect to x and ξ . J is the ideal of the definition of the smooth manifold δ. Hence it is enough to prove that X F vanishes on δ. Let us fix a 0 ∈ 1 , and let z 0 be the singular point of X a 0 . We have π (z 0 , a 0 )(T (z 0 ,a 0 ) Z ) = T a 0 1 ; this is because the map σ : a → z from 1 to δ, where z is the Morse singular point of X a , is a section of π over 1 
because the derivatives of F with respect to z vanish at that point. We deduce X (a 0 )F = 0 because W 0 is tangent to Z . It follows that X F, vanishing on δ, the closure of σ ( 1 ), belongs to J .
We need the following.
COROLLARY 1
If a → ϕ t (a) is a smooth isotopy that preserves 1 , it can be lifted to a smooth isotopy t (a, z) on C 2+µ which preserves Z .
In other words, we have t (z, a) = (ψ a t (z), ϕ t (a)), where ψ a t is a (germ of) diffeomorphism of C 2 which maps X a onto X ϕ t (a) .
Proof
The corollary is proved by just integrating the liftX t , built using Lemma 4, of the time-dependent vector field X t (ϕ t (a)) = d dt ϕ t (a).
Versal deformation theorem in the holomorphic case
We prove the versal deformation theorem for all quasi-homogeneous singularities. Using the strategy of Pham in [34] , we can prove the following. THEOREM 6 Let F 0 be a quasi-homogeneous singularity with F a = F 0 + a α K α (K α monomials) as a versal deformation. Let F t be any analytic deformation of F 0 . There exists an analytic family of germs of canonical diffeomorphisms χ t such that F t • χ t = F a(t) ; that is,
where the functions a α (t), E t are analytic.
Remark. The previous result could be extended, with the same proof, to every isolated singularity if we were able to prove the nonvanishing of an appropriate Jacobian determinant.
Proof
We give the proof for A 2 (the cusp); it is then trivial to see how to extend the proof to the general case. Using Moser's method, the idea is to fit the action integrals. The details run as follows.
• We can assume, using the versal deformation theorem (see [4] ), that our deformation is embedded into the deformation (F a = F 0 + a 1 x + a 2 , ω t ), where ω t = ω 0 + O(t). We choose λ t such that dλ t = ω t − ω 0 , and we assume that λ t = O(|t|).
• Let = {4a 3 1 +27a 2 2 = 0} be the discriminant set. We want to define a smooth family of holomorphic diffeomorphisms (an isotopy) a → ϕ t (a) = a such that ϕ 0 = Id, and for all cycles γ j of X a = {F a = 0}, we have
This implicit equation can be uniquely solved for t small enough outside because the Jacobian determinant of a → ( γ j (a) ξ d x) j=1,2 is a nonzero constant (see Lemma 2).
• Near the stratum of the regular part 1 of the discriminant set where the vanishing cycle is γ 1 , the integrals γ 1 and γ 2 ± γ 1 log γ 1 are univalent and holomorphic, thanks to the Picard-Lefschetz formula, and the Jacobian determinant is the same, so we can also solve equation (3).
• Now that we have solved equation (3) outside a set of codimension 2, we can solve it everywhere using the fact that holomorphic functions have no singularities of codimension greater than or equal to 2 (Hartog's theorem).
• Using Corollary 1, we get a diffeomorphism t that lifts ϕ t . We have then
We put ω 0 = dξ ∧ d x and ω t = (ψ a t ) (ω t ). The deformations (F a , ω t ) and (F a , ω t ) are clearly equivalent. The difference of the 2 symplectic forms ω t and ω 0 is dβ a t , where the integrals of β a t over all vanishing cycles of all X a 's vanish.
• It remains now to find f a,t (x, ξ ) whose differential on X a is β a t . We build f a,t so that f (a 1 ,b) ,t = g a 1 ,t is independent of b. The differential of g a 1 ,t restricted to X a 1 ,b where b varies is given by the restriction of β . The smoothness of g outside is clear. Moreover, g is holomorphic outside and bounded near 1 , and hence is holomorphic everywhere.
• We can then apply Moser's method.
Semiclassics
In this section, we quantize everything in order to get semiclassical objects.
Semiclassical normal forms THEOREM 7
Let H 0 be of finite codimension µ with a (classical) real versal deformation generated by K α , α = 1, . . . , µ. Let H be a pseudodifferential operator on R whose principal symbol is H 0 . There exist then some elliptic pseudodifferential operators U and V and formal series a α (h) = O(h) such that we have microlocally near zero
where Q is the Weyl quantization of Q. If H is self-adjoint, we can choose U and V so that the a α 's are real valued.
The proof by induction on the powers of h is similar to the proof of Theorem 4.
Mixed case
We consider now a smooth family H ε of semiclassical Hamiltonians and denote by H 0 the principal symbol of H 0 . We assume that H 0 is of finite codimension µ. The following result is an extension of Theorem 4 (h = 0) and Theorem 7 (ε = 0).
THEOREM 8
There exist elliptic pseudodifferential operators U ε and V ε and formal series a α (ε, h) = O(|h| + |ε|) such that
The proof is by induction on the powers of h and for each power of h by induction on the powers of ε.
The case of quasi-homogeneous singularities
In the holomorphic quasi-homogeneous case, using the tools of Section 9.4, we get a much better result.
Definition 10
We say that H E = Op W h j H j (E; x, ξ ) is an analytic family of pseudodifferential operators near zero if, for all indices j, H j (E, x, ξ ) extends to a holomorphic function in some complex neighbourhood of zero independent of j. THEOREM 
Proof
Proceeding by induction on the powers of h, we get the following equation to solve, where X (E; x, ξ ), Y (E; x, ξ ), and c α (E) are the unknown functions:
This equation expresses the fact that on the Riemann surface
is the derivative with respect to the time of the function X . We first need to choose c α (E) so that the integrals
all vanish. This is possible outside the discriminant set because of the nonvanishing of the determinant γ j (E) K α dt (see Lemma 2) . The solution is bounded near the discriminant and hence can be extended to a holomorphic function. The proof is then finished using the same arguments as in the proof of Theorem 6.
Singular Bohr-Sommerfeld rules: The general scheme
From the local model and the WKB solutions, we define the scattering matrices and singular holonomies. We show how one can take the principal part of the regular holonomies in order to get the singular holonomies. We can then derive the BohrSommerfeld rules using the same combinatorial recipe as in [14] (maximal trees, . . .).
The context
We assume that H E is a pseudodifferential operator of order zero on the real line, and we denote by H E its principal symbol. H is supposed to be real valued, and we assume that the energy surface Z = H −1 0 (0) admits only finite codimension singularities z j , j = 1, . . . , N , with normal forms
where a j,α (E, h) are symbols in h and K j,α are Weyl quantizations of the real versal deformation.
Local models and scattering matrices
In this section we want to describe the solutions of the local model that is mapped on our problem near the singular point z j .
We omit the index j in this section.
We fix a neighbourhood of zero in the (y, η) symplectic plane. We denote by H a = H 0 + a α K α the versal deformation of the model and by H a its (Weyl-) quantized version. We denote by γ l , l = 1, . . . , L = 2L (L ≥ 2) the real branches of the germ Z a = H −1 a (0). We choose to orient the γ l 's according to the dynamics of H a . There are now L ingoing and L outgoing branches. We choose open sets l ⊂ with empty mutual intersections and such that l ∩ γ l is a nonempty connected arc (see Figure 2) . We assume that a is small enough so that l ∩ Z a with Z a = H −1 a (0) is also a nonempty connected arc.
We are looking for the following equation:
where u is a microfunction in . It is in general not difficult to prove that the space of microfunction solutions of equation (5) in is a free module of rank L = L/2 over the moderate growth functions of h. We choose microlocal solutions u l (a) of equation (5) inside l smoothly dependent of a of the form (in case of no caustics)
with c k,l and S l smoothly depending on a. Any solution u of equation (5) in restricts to x l u l (a) in l . Given (x l ) = (x in , x out ), we can express the condition that x l u l (a) are the restrictions to l of some solution u of equation (5) by a matrix
where S (a, h) is called the scattering matrix.
Unitarity
We assume that the operator H a is formally self-adjoint. Let us choose a pseudodifferential operator of order zero compactly supported in and equal to Id near the origin. More precisely, we assume that
We define the following inner products on microfunctions in :
It is clear that
if the principal symbol of u l is |dt| 1/2 , we have J (u l , u l ) = ±1+ O(h), where we have a + sign if the arc γ l is ingoing and a − sign if it is outgoing. From that we deduce that S (a, h) is unitary (with maybe some domain).
Singular holonomies
Let γ 0 be a cycle of Z 0 ; we want to define the singular holonomy (of H E ) along γ and compute it. For simplicity we assume that there exists only one singular point z 1 in γ 0 at which we have a normal form given by equation (4) . We can therefore omit the index j. We first cover the cycle γ 0 by open sets U 1 , . . . , U n (see Figure 3 ) such that we can find WKB solutions
, and such that the j 's covering the singular point z 0 ( j = 1, n) are the image by the canonical transformation χ of some open sets l , l = 1, 2, introduced in the previous section. We choose v 1 = V 1 u 1 and v n = V 1 (u 2 ). We define then then the singular holonomy HolS( H 0 , γ 0 ) by
It is clear from the theory of the WKB-Maslov ansatz that HolS(
, so that we go to some log scale and put
It is easily checked that singular holonomies are independent of all choices (including χ and the associated Fourier integral operators) except for the chosen WKB solutions u l of the model problem. As we see, singular holonomies and scattering matrices are enough to derive Bohr-Sommerfeld rules.
Regularization
We now choose a deformation H E , E ≥ 0, of H such that H −1 E (0) = Z E is smooth and choose a cycle γ E of Z E such that γ E → γ 0 as E → 0 + . The goal is to derive LHolS( H , γ 0 ) as a regularization of the usual holonomy (the log of) LHol( H E , γ E ) ∼ 
In general, the A k 's are divergent as E → 0 + , but we can substract the divergent part using the scattering matrix. More precisely, assume E > 0. We have then v n = s 1,n (E, h)v 1 , where s 1,n is the corresponding entry of the local scattering matrix. We deduce the following:
For fixed E > 0, we then have
We get in that way
Singular Bohr-Sommerfeld rules
Once the singular holonomies are defined, the Bohr-Sommerfeld rules follow the same combinatorial picture as in [14] .
The cusp
The saddle-node bifurcation occurs generically for a 1-dimensional system depending on some extra parameter; it is the generic way to change the number of critical points for a Morse function. 
By Theorem 3, it is enough to know that H and ξ 2 + x 3 are equivalent germs. This result can be proved easily as follows. First apply the Morse lemma; we get ξ 2 + f (x), where the third derivative of f does not vanish (see [4, Chapter 2] ).
Semiclassics
Let H t u = 0 be an analytic family of semiclassical equations such that the principal symbol H 0 of H 0 vanishes at z 0 with a nondegenerate cusp. Using Theorems 6, 8, and 10, we get the following pseudodifferential equation as a microlocal normal form:
where a ∼ Let us start with F 0 having a cusp at zero. By a rotation, we can assume that
. By a canonical diagonal linear transformation, we get We want to find χ so that and we get that way e = 1 7 (3β + 4γ − α 2 ).
We now have
and by projecting the deformation onto the versal deformation, we get
We put k 0 = K (0), k 1 = ∂ x 1 K (0), and we get
The same formulae hold for a 0,1 and b 0,1 by replacing K with the subprincipal symbol of H 0 . The existence of solutions with a given asymptotic expansion is a classical fact. They are clearly unique. (For a general approach concerning asymptotic solutions, see [6] , [35] , [40] . 
The model problem
Problem 2
Describe as much as possible the function R (A, B) . Figure 4 ).
Renormalization
Let us start with the semiclassical model problem given by equation (9) and assume that a and b can be h dependent. We denote (1) the domain where τ is bounded (with respect to h), where the bifurcation really takes place and there is no further asymptotics; (2) the log domain where 1 τ = O(| log h|), where we can use the semiclassical asymptotics with regard to τ including the tunneling effect which is not O(h ∞ ); (3) the domain where τ | log h|, where we can apply usual formulae without looking at the bifurcation problem: the semiclassical spectrum splits into 2 parts, one associated to the real vanishing circle, the other to the big closed cycle. + O(h ∞ ) (11) with A = ah −4/5 , B = bh −6/5 , and the γ α 's can be computed from the a α 's.
The bifurcation domain
The log domain
In this domain we can compute the τ semiclassical solution using the tunneling effect (see [21] , [18] ).
Bohr-Sommerfeld rules
From the previous sections we can compute the singular holonomy using the asymptotic behaviour of σ (a, b; h) for (a, b) nonzero and h → 0. We can then derive the Bohr-Sommerfeld rules from R(A, B) using equation (11) .
